In this paper, we firstly give an upper bound for the second smallest Laplacian eigenvalue of mixed graphs which generalizes the results of Fiedler [Czechoslovake Math. J. 23 (1973) 298]. Then we present two sharp upper bounds for the largest Laplacian eigenvalues of mixed graphs in term of the largest, smallest degrees and average 2-degrees, which improve and generalize the main results of Merris [Linear Algebra Appl. 285 (1998) 33], Li and Pan [Linear Algebra Appl. 328 (2001) 153], respectively. In addition, we characterize all extreme mixed graphs which attain those upper bounds.
Introduction
A graph G is denoted by G = (V , E), where V is the vertex set and E ⊆ V × V \{(u, u) | u ∈ V } is the edge set. A graph G = (V , E) is said to be simple if (u, v) ∈ E implies (v, u) ∈ E and G is said to be mixed if (u, v) ∈ E does not always imply (v, u) ∈ E. In a mixed graph G = (V , E), an edge (u, v) ∈ E is unoriented (or, oriented) if (v, u) is also in E (or (v, u) is not in E); for an oriented edge (u, v) which is also denoted by u → v, u and v are said to be the positive and negative ends of u → v, respectively. Hence, in a mixed graph, some of edges are oriented, while others are not. For an edge e in G, let e c be an edge obtained from e by orienting (either direction) the edge e if e is unoriented or by unorienting e if e is oriented. Denote by E c = {e c | e ∈ E}. The graph G = (V , E ∪ E c ) is said to be the underlying graph of G and G c = (V , E c ) is called the complement of G in G. Clearly, mixed graphs conclude both possibilities of all edges oriented and all edges unoriented as extreme cases. However, in terms of defining degree of a vertex, path, cycle, connectivity, we still focus on the underlying graphs.
Let G = (V , E) be a mixed graph. The incident matrix of G (see [1] ) is defined to be M(G) = (m u,e ), where m u,e = 1, if u is incident to an unoriented edge e or u is the positive end of the oriented edge e; m u,e = −1, if u is the negative end of the oriented edge e; m u,e = 0, otherwise.
Thus L(G) = M(G)M(G) t = (l u,v ) is the
Laplacian matrix of a mixed graph G (see [1] 
), where M(G) t is the transpose of M(G).
Obviously it is symmetric and positive semi-definite. Therefore, the eigenvalues of L(G), which are called the Laplacian eigenvalue of G, can be denoted by λ 1 (G) λ 2 (G) · · · λ n (G) 0 or for short, λ 1 λ 2 · · · λ n 0. In particular, if G is a mixed graph with all oriented edges, L(G) is consistent with the Laplacian matrix of a simple graph (see [8] ). Hence the Laplacian matrix of a simple graph can be regarded as the Laplacian matrix of a mixed graph with all edges oriented. The Laplacian matrix of a simple graph has been extensively investigated in the past 20 years. It has been established that there are a lot of relations between its spectrum and numerous graph invariants, such as connectivity, diameter, isoperimetric number, maximum cut, expanding property of a graph (see, for example, [3, 8, 10, 11] and the references therein). For many properties of mixed graphs, readers may refer to [1, 2, 7] .
For the Laplacian eigenvalues of simple graphs, there are many good results on the upper and lower bounds. Fiedler in [3] gave the relation between λ n−1 (G) (the algebraic connectivity of G) and the vertex connectivity; i.e., let G be a simple graph and ν be its vertex connectivity. Then
In 1998, Merris in [9] showed that if G is a simple graph, then
where d u and m u are degree and average 2-degree (i.e., m u is the average of the degrees of vertices adjacent to the vertex u) of the vertex u, respectively. In 2001, Li and Pan in [6] proved the following result. Let G be a simple connected graph with n vertices and m edges. Denote by , δ the largest and smallest degrees of vertices in G. Then
with equality if and only if G is bipartite and regular.
In Section 2, we generalize the result of Fiedler [3] to mixed graphs. In Section 3, we present two sharp upper bounds for largest Laplacian eigenvalues of mixed graphs in term of degrees and average 2-degree of vertices which both improve and generalize the results of Merris [9] , and Li and Pan [6] , respectively. In addition, we characterize all mixed graphs which attain those upper bounds.
Second smallest Laplacian eigenvalue
Let G be a mixed graph. 
Proof. It follows from their definitions and direct calculation.
Lemma 2.2. Let G be a mixed graph of order n and e be an edge of G. Then 
Proof. Let G 1 be the graph obtained from G by adding some edges (may be oriented or unoriented) incident to u such that u is adjacent to all other vertices in G. By repeatedly using Lemma 2.2, λ n−1 (G) λ n−1 (G 1 
Hence (6) holds.
In order to state our result, we need the following notation. A mixed graph G = (V , E) is said to be quasi-bipartite (see [1] ) if there exists a partition V = V 1 ∪ V 2 such that every edge between V 1 and V 2 is unoriented and every edge within V 1 or V 2 is oriented. Clearly, a mixed graph with all edge oriented is quasi-bipartite. The following result, in essence, belongs to [1] . Conversely, if G is quasi-bipartite, then there exists a partition V = V 1 ∪ V 2 such that every edge between V 1 and V 2 is unoriented and every edge within
Lemma 2.4. Let G be a connected mixed graph of order n. Then λ n (G) = 0 if and only if G is quasi-bipartite.

Proof. Assume that λ n (G)
= 0, then 0 is a boundary point of Geršgorin disk since L(G) is diagonal dominant matrix from Lemma 2.1. Let x = (x u , u ∈ V (G)) / = beV 1 or V 2 is oriented. Let x = (x u , u ∈ V (G)), where x u = 1 or −1 if u ∈ V 1 or V 2 , respectively. It is easy to see that L(G)x = 0. So λ n (G) = 0.
Theorem 2.5. Let G be a connected mixed graph of order n with the vertex connectivity ν. If there exist vertices
u 1 , u 2 , . . . , u ν such that G − {u 1 , u 2 , . . . , u ν } is disconnected and quasi-bipartite, then λ n−1 (G) ν.
Proof. By repeatedly applying Lemma 2.3, we have
. . , u ν } is disconnected and quasi-bipartite, there are at least two connected components each of which is quasi-bipartite. Hence by Lemma 2.4, we have λ n−ν−1 (G − {u 1 , u 2 , . . . , u ν }) = 0. So the assertion holds.
Corollary 2.6. Let G be a mixed graph of order n with the vertex connectivity ν. If G is quasi-bipartite, then λ n−1 (G) ν.
Proof. Since any subgraph of a quasi-bipartite graph remains quasi-bipartite, the assertion follows from Theorem 2.5.
Remark 2.7. Obviously, Theorem 2.5 is a generalization of the Fiedler result from simple graphs to mixed graphs. The condition in Theorem 2.5 is not generally deleted, otherwise the assertion may not hold. For example, let G be a mixed graph of order 7 obtained by identifying one vertex of the complete graph K 4 with all oriented edges and one vertex of the complete graph K 4 with all unoriented edges. It is easy to see that ν(G) = 1 and λ 6 (G) = 2.
The largest Laplacian eigenvalue
We first state a simple result on the largest Laplacian eigenvalues of mixed graphs, which generalizes the result of Grone and Merris in [4] . Lemma 3.1. Let G be a mixed graph of order n. Then
Moreover, if G is connected, then the left equality in (7) holds if and only if = n − 1 and G is quasi-bipartite; and the right equality in (7) holds if and only if G is regular and G c is quasi-bipartite.
Proof. Clearly, G contains a star graph K 1, (some edges are oriented and some edges are unoriented) as a subgraph of G. It is easy to see that λ = + 1 is an eigenvalue of L(K 1, ). Therefore, λ 1 (K 1, ) + 1. By repeatedly applying Lemma 2.2, + 1 λ 1 (G). Assume = n − 1 and G is quasi-bipartite, then there exists a partition V = V 1 ∪ V 2 such that every edge between V 1 and V 2 is unoriented and every edge within
is diagonally dominant matrix which implies that it is positive semi-definite, where I n and J n are the identity and all one matrices, respectively. On the other hand, the largest eigenvalue of P (nI n − J )P is n. Hence λ 1 (G) λ 1 (P (nI n − J n )P ) = n = + 1. So the left equality in (7) holds.
Conversely, suppose that λ 1 (G) = + 1. If < n − 1, then G contains a subgraph H which is isomorphic to the graph obtained from a star graph K 1, and a single edge e by identifying one pendent vertex of the star graph and one vertex of the single edge.
By direct calculation, λ 1 (H ) > + 1, which implies λ 1 (G) λ 1 (H ) > + 1 by Lemma 2.2. It is a contradiction. Therefore, = n − 1. Let d w = n − 1 and V 1 = {u ∈ V (G), uw is oriented} ∪ {w} and V 2 = {u ∈ V (G), uw is unoriented}. Clearly, V 1 and V 2 are a partition of G. Now we show that G is quasi-bipartite. If there exists an unoriented edge e within V 1 , then let H 1 be a subgraph of G consisting of the star graph K 1,n−1 centered at the vertex w and the edge e. By direct calculation, λ 1 (H 1 ) > n = + 1. It is a contradiction. Therefore every edge within V 1 is oriented. By similar argument, we can show that every edge within V 2 is oriented and every edge between V 1 and V 2 is unoriented. Therefore, G is quasi-bipartite. Therefore G c is quasi-bipartite.
In the following two theorems, we will present two sharp upper bounds for the largest Laplacian eigenvalue. Theorem 3.2 is an improvement and generalization of the result by Li and Pan in [6] and Theorem 3.3 improves and generalizes the result by Merris in [9] .
Theorem 3.2. Let G be a connected mixed graph of order n with m edges. Denote by , δ the largest and smallest degrees of G, respectively. Then
λ 1 (G) + 2m − (n − 1)δ + (δ − 1)(8)
with equality if and only if G c is quasi-bipartite and G is regular graph.
Proof. Let x / = 0 be an eigenvector of L(G) corresponding to λ 1 (G) with u∈V (G) x 2 u = 1. Thus by Lemma 2.1, we have
Hence by Cauchy-Schwarz inequality, we have
Note that
Hence by the above equations and u∈V x 2 u = 1, we have
Therefore,
Hence there exists at least one vertex w ∈ V (G) such that
Thus, (8) holds.
Assume that the equality in (8) holds, i.e., λ 1 (G) = + √ 2m−(n−1)δ + (δ −1). We first show that for any u ∈ V (G), x u / = 0. Suppose that x s = 0 for some s ∈ V (G), then by (9) and (11), we have that x v = 0 for each v ∼ s. Since G is connected, we have that x u = 0 for each u ∈ V . A contradiction.
Denote (8) is never worse than (3) which is the result of Li and Pan [6] for simple connected graphs. Now we present another upper bound for the largest Laplacian eigenvalues of mixed graphs in term of degrees and average 2-degree. 
Moreover, if G is connected, then the equality in (13) holds if and only if G c is quasibipartite, and G is regular or semi-regular. In other words, there exists a partition
Hence, in particular, for u = s and u = t,
and
Multiplying (15) and (16), we have
Solving the equation, we have that λ 1 (G)
, which yields the desired result (13).
Suppose that G is connected. If the equality in (13) holds, then the equalities in both (15) and (16) hold. Hence for any v ∼ s, |y v | = |y t | and for any v ∼ t, |y v | = |y s |. Since G is connected, by repeatedly using the equalities both in (15) and (16), it is easy to see that for any u ∈ V (G), |y u | = |y s | or |y t |, if the distance between vertices u and s is even or odd, respectively.
Firstly, we will show that for any u ∈ V (G), |y u | = |y s | = |y t |. Therefore, the equality in (15) 
which yields k 1. It is a contradiction. Hence for any u, v ∈ V (G), |y u | = |y v | and
Secondly, we will show that G is regular or semi-regular. Therefore, V (G) can be partitioned into V 1 and V 2 such that the degrees of vertices within V 1 or V 2 are the same, respectively.
We assume that G is not regular. Then, = δ.
It is obvious that δ m u . Therefore,
Therefore, λ 1 (G) = + δ. In addition, inequality (17) becomes equality which implies that m j = and m i = δ. It follows that d u = δ for each u ∼ i and
Then there are no edges within V 1 or V 2 . Since G is connected, it is easy to see that for
Finally, we will show that G c is quasi-bipartite. Remark 3.6. From Theorem 3.4 and Corollary 3.5, We can see that (18) is never worse than (2) which is the main result of Merris in [9] .
As a conclusion of this section, let us give an example to illustrate the upper bounds for the largest eigenvalue of a mixed graph. 
